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Q^ 1 The high energy amplitudes of the large angles M0ller scattering are calculated 

in frame of chiral basis in Born and 1-loop QED level. Taking into account as well 
the contribution from emission of soft real photons the compact relations free from 



infrared divergences are obtained. The expressions for separate chiral amplitudes 
contribution to the cross section are in agreement with renormalization group pre- 
dictions. 



INTRODUCTION 



Main prediction of Standard Model (SM) — Parity Violation (PV) — can be experimen- 
tally measured in M0ller scattering process (quasi-elastic electron-electron scattering) due 
to possible contributions from mechanism with massive SM boson exchange between the 
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electrons. The first PV observation in M0ller scattering was made by E-158 experiment at 
SLAC lM3|, which studied scattering of 45- to 48-GeV polarized electrons on the unpolar- 
ized electrons of a hydrogen target. Its result at low Q 2 = 0.026 GeV 2 for PV asymmetry 
A LR = (1.31 ± 0.14 (stat.) ± 0.10 (syst.)) x 10" 7 {4] allowed one of the most important 
parameters in the Standard Model - the sine of the Weinberg angle - to be determined 
with unprecedented accuracy. The next-generation experiment to study e — e scattering, 
MOLLER jlj], planned at JLab following the 11 GeV upgrade, will offer a new level of sensi- 
tivity and measure the PV asymmetry in the scattering of longitudinally polarized electrons 
off unpolarized target to a precision of 0.73 ppb. That would allow a determination of 
the weak mixing angle with an uncertainty of about 0.1%, a factor of five improvement in 
fractional precision over the measurement by E-158. 

The polarized M0ller scattering has allowed the high-precision determination of the 
electron-beam polarization at many experimental programs, such as SLC fl, SLAC 0,3, 
JLab js| and MIT-Bates 10]. A M0ller polarimeter may also be useful in future experiments 



planned at the ILC 



Since the polarized M0ller scattering is a very clean process with a well-known initial 
energy and extremely suppressed backgrounds, any inconsistency with the Standard Model 
will signal new physics. Some examples of physics beyond the Standard Model to which 
M0ller scattering measurement extends sensitivity include new neutral bosons (Z'), electron 
compositeness, supersymmetry and doubly charged scalars [5]. Thus M0ller scattering ex- 



periments can provide indirect access to physics at mu 



ti-TeV scales and play an important 
complementary role to the LHC research program 

Moreover the accuracy of calculations in Born approximation (sometimes even on one- 
loop level) seems to be insufficient to compare with the results of modern experiments. A 
significant theoretical effort has been dedicated to one-loop radiative corrections already. 
A short review of the literature to date on that topic is done in 1^|. The motivation of 
our paper is to calculate radiative corrections (on this stage within the QED framework 
but planning in the future to add weak contribution) in one-loop approximation, in order 
to show up the correct renormalization group behavior of leading logarithms contribution. 
This will allow us to extend the applicability of this calculation to higher order corrections. 

The paper is organized as follows. After a brief review of results in Born approximation 
and formalism of chiral amplitudes in Section [Til the virtual corrections associated with the 
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Figure 1: Born approximation diagrams. 

known expressions of vertex functions as well as ones arising from polarization of vacuum are 
considered in Section IIIIl As well the radiative corrections from emission of real soft photon 
are presented there. In Section [IV] the contribution from box type Feynman diagrams 
are considered. In Section |V] the total result for the chiral amplitudes and the relevant 
contributions to the cross sections are presented. In Section I VI I we make some concluding 
remarks about the accuracy of our result. Finally, in Appendix |X] we present some useful 
integrals for box-diagrams calculation. 



II. BORN LEVEL CHIRAL AMPLITUDES OF MOLLER SCATTERING 

PROCESS 



We consider the process of electron-electron scattering (so called M0ller process |15| ) 

e~ O, Ai) + e~ (pa, A 2 ) -»■ e" (pi, X[) + e~ (p' 2 , A' 2 ) , (1) 

where Ai j2 = ± and X' 12 — i are the chiral states of initial and final particles. Matrix 
element of this process within the QED has two terms (see Fig. [T]): 

M<°'=Mj-Mj, (2) 

where M$ is the contribution which goes from photon exchange in t-channel (Fig. 1(a)), 



Mj2 is also the contribution of the photon in intermediate state but with the interchange 
of final leptons (jp\ -H- p' 2 ) which should be done in order to take into account the Pauli 



principle (see Fig. 1(b)). The explicit form of these terms are the following (we use the 
t'Hooft-Feynman gauge, i.e. £ = 1): 



M (0)X 1 X 2 X' 1 X' 2 _ l_ 

ql 
ql 



«( A (K) 7 ^ (Al) (Pi)] [u^ (p' 2 )7^ (A2) (P2 
(p' 2 )Yu {Xl) (pi)l \u( x (p;) 7 ^ (A2) (P2 



where q± = Pi — p[ = p' 2 — P2 and q 2 = Pi — P2 — Pi ~ P2 are the transferred momenta in 
direct and exchanged diagram, e is the positron electric charge. 

We will consider the process using chiral amplitudes approach. In this approach you 
select the specific chiral spin state of initial and final particles: 

u w = u x u, u {x) = uou-x, A = ±1 = R, L, (3) 

where projective operators U\ has a form: 

uj x = ^ (1 + A75) , u\ = uj x , uj+uJ- = 0, u + + u- = 1. (4) 

For the case of massless fermions the completeness condition take place 

(p) (p) = u x f. (5) 

Keeping in mind the parity conservation in QED M x = M~ x we have for the summed on 
polarization matrix element square 

\M\ 2 = 2[|M ++++ | 2 + \M + - + -\ 2 + |M+--+| 2 ]. (6) 

spins 

Let us calculate the QED contribution of RR — > RR chiral amplitude, with all fermions 
of right hand ones u R = u + u: 

Mf +++ = j[u (pi) u^u + u ( Pl )} [u (p' 2 ) u_^u + u (p 2 )\ , 

Mf +++ = -[u (p' 2 ) u^u + u ( Pl )] [u (pi) u_^u + u (p 2 )] , 
u 

where we have used the kinematics Mandelstam invariants in electron mass vanishing limit 
(m e 0): 

s = (pi + p 2 ) 2 = 2 (pip 2 ) = 2 (pip 2 ) , 

t=(pi~ p[) 2 = -2 (pip'J = -2 (p 2 p 2 ) , (7) 
u = (Pi - P 2 ) 2 = -2 (pip 2 ) = -2 (p 2 pi) , 

S + t + M = 0. 

In order to transform this amplitudes into calculable traces we multiply the terms which 
contain factor (1/t) by the following quantity: 



and the terms with factor (1/u) by 



cd 
cd 



where 



a = u (pi) u„f 2 u + u (pjj) , 
b = u(p 2 ) u-fcu+u (pi) , 



c = ti (pi) U-fau+u (pi) 
d = tZ (p 2 ) u-tf^+u (p 2 ) 



After this we obtain trace in numerator and can calculate it immediately: 



M (o)++++ = ± 1 g p 
it ca 



2-ri 



CJ 4 
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e 2 1 2 

t ao 

e 2 1 2 
-2sV 

m ca 



Thus QED amplitude in Born approximation have a form: 



- 7l "'"72 - v ^..^ y „„ 

,2 



2(47ro;)i 



tr 



-2(47ra)i 



tcidi ' 
t 2 



WC 2 d 2 



where c\ and di are the modified factors similar to (|SD or flUJ) which in this case have a 



ci = u (pi) (p 2 ) 
c 2 = w (pi) UJ-U (pi) 



di = w(p 2 )w + w (pi) , 
d 2 =u (p 2 ) w+w (p 2 ) • 



Using the relations 



Idp 



-sm, abc*d* 



-s 2 tu, 



\ci\ 2 = |di| 2 = -it, |c 2 | 2 = |d 2 | 2 = —t, 



we obtain for the sum of squares of all six amplitudes the known result [if], Q 



(A) 



s*_ 2s 2 

t 2 M 2 ttt 



f_ M 2 
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s 4 + 1 4 + M 4 
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Figure 2: Diagrams of vacuum polarization and vertex correction types. 

III. VERTEX, POLARIZATION OF VACUUM AND SOFT REAL PHOTON 

EMISSION CONTRIBUTIONS 



Born level and virtual photons emission radiative corrections to chiral amplitudes can be 
put in form 



M A = M (0)A + M A 



VlLB' 



(15) 



where A denotes different chiral states. In this section we will consider the contribution from 



Feynman diagrams of vertex and photon vacuum polarization types (see Fig. 2(a), 2(b)): 



M ++++ = 8 
M + — 



irons 



\ (i + n t + 2T t ) - - (i + n u + 2Y U ) 

ao ca 



onmu 
tcidi 
8nait 2 
uc 2 d 2 



[i + u t + 2r 



t) > 



(i + u u + 2r tt ) 



where vertex and vacuum polarization operators are well known (see 171]): 

■2 



n t 



a 
a 



-/ A (/ t -l) + i t -i/ t 2 -2 + C 2 



k 



C-2 



7T 



3tt V 3^ 

r u = r t (t->u), n u = n t (t -> u) 



k = hi^, 
m z 



m 



(16) 



and A is a fictitious "photon mass". 
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Corrections to chiral amplitudes squared from polarization operators are 



A n |M" 



-+++I2 



-2(8™) V I — II t + — Tl u 



t 2 u 



uH 



A u \M + -+-\ 2 
A n \M + - 



2(87ra) 2 — n t ; 
t 2 

2 = 2(8na) 2 — n u . 
u 



And the similar expression for the vertex operators corrections 



Ay |M H 



A V \M- 



1 



1 



-4(8™) V —T t + —T u 



t 2 u 



uH 



-+-|2 



4(8™) 



Av\M + — + \ 2 = 2(8na) 2 — r„. 



Soft real photons emission contribution to the squares of chiral amplitudes are [1 



(17) 



(18) 



im s v = <wim (o)a i 2 , 



Area f d 3 k 



'soft 



16tt 3 



r d A k I pi pg p'i 
J u \pik p 2 k p[i 



I \ 2 
P2 



k p' 2 k 



(19) 



where J' means that photon energy to = y k 2 + A 2 do not exceed some small value to < 
AE <C E = \/s/2, where AE and E are defined in center of mass system. Standard 

n 

calculation |18| leads to 



2a 

Osoft — 



7T 



(Is - 1 + L) (/ A + 2Q + \ll + Ll s + K soft 



L = In — -, 



L = In 



AE 



L Its lust 



Its = hi—, 



E 

Ksoft = hi + hi - 26 + Li 2 (cos 2 (0/2)) + Li 2 (sin 2 (9/2)) 



I =ln — 

b us 111 : 



(20) 



2 ls 2 

and 9 is the angle (center of mass frame implied) between the directions of motion of one of 
initial and the scattered electrons. 

Combining the vertex and soft parts of the corrections we obtain 



A VS \M+ 



+++I2 



,2a 
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t 2 U 2 



(l s - 1) [2l e + - + 2l e L + - + K 



soft 



+ 



+ 



t 2 



It 



2^ts - l^ts + 2 - C2 



+ 



uH 



A VS \M- 



2 2a u 
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7T t l 
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Figure 3: Diagrams of vacuum polarization and vertex correction types. 



- + K soft + -l ts - -jl 2 ts + C2 



A VS \M+- 



lira 



,2a t 2 



TT U 



I ) I 2l e + - 



2l e L + l ts {l x + l s 



1 j 3 -. X 2 > 
- + K soft + -L us - -L us + (2 



(21) 



IV. BOX DIAGRAMS CONTRIBUTION 



Let us consider box-type diagrams (see Fig. [3]). Using the symmetry reasons we can 
restrict ourself by considering only two chiral amplitudes 



M+ +++ = ia 2 (l -V)\m A 
B y ' ah 



m 



M 



B 



-VM, 



B 



la 



c\di 



m 



m 



(22) 



where Mi and M 2 correspond to diagram on Fig. 3(a) and 3(b) respectively. Operator V 



interchanges the momenta of the scattered electrons 

VF(p' 1 ,p' 2 ) = F(p' 2 ,p' 1 ) 

and 



(23) 



dk 



(0)(1)(2)(?) 
dk 



(0)(l)(2)(g) 
Here the denominators are: 



iVi; 



Mi; 



Mn 



(o)(i)(2')(g) 

dk 

(0)(i)(2')(g) 



iV 2 ; 



Mo. 



(0) = k 2 - A 2 , (1) = (pi - fc) 2 - m 2 + 20; (g) = ( 9l - k) 2 - A 2 ; 

(2) = (pa + fc) 2 - m 2 + zO; (2') = (j/ 2 - A:) 2 - m 2 + i0, (24) 



and the numerators are 



Ni = -Sp 

^2 = ^S P 



21 1 



2 

M 2 = is P 



Mi = -s P / i7m ^ - #) i4 x f 2 i» (p 2 + n luf. 



(25) 



Calculating the traces and using the table of relevant integrals, listed in Appendix |A] we 
obtain: 

m ++++ (s, t, u) = AsHl 012q - 2tul i2'q + 4t 2 (s - u)I 01q + Aut(s - u)I olv - 

- Astl u + Astl t , (26) 
m + ~ + ~(s, t, u) = 2s(t 2 - 2su)I 0l2q - 4u 3 I i 2 > q + 4t(s - u)I 01q + As(s - u)I i 2 - 

- 4ul t + 4ul s . 

Inserting the explicit expressions for scalar integrals with 3 and 4 denominators (see Ap- 
pendix |AJ we obtain 



m 



m 



t il ! 



tu 



~ +++ (s, t, u) = 8s 2 (/ A + l s )l su + 2u 2 l 2 tu - 2s 2 L 2 + Atsl 
8s 2 

~~ + ~(s, t, u) = —l\l su + Aul su + 2(s - u)l 2 ts - 2s 2 L 2 + Atsl 
8u 2 8u 2 

— Islus —'usHs + 12 (U — s)C 2 . 

The lowest order contribution arises from the interference term of Born amplitude with the 
box type amplitude 



2 = 2a 2 (87ras) 2 



A B \M + - 

A B \M + — + \ 2 = 2a 2 (8vrat) 2 



2 = 2a 2 (8vrcra) 2 



1 1 

ab cd J V ab 
1 V 1 

m 



m 



s 1 
[s, t, u) -m 

cd 



[s,u,t) 



c\d\ J c\d\ 
1 \* 1 



{s,t,u), 



(27) 



m + + (s,t,u). 



K C 2 d 2 J c 2 d 2 

The simple calculation of fTSTj) gives the total result (the contributions of vertex and soft 
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photons (12"T|) are added): 
A(|M ++++ | 2 + \M 1 2 ) = 327ra 3 

y t 2 u 2 

8s 4 



+ 



t 2 u 2 
s 

8s 3 



8s 



(is - 1) d + 2^ + (i x + 

- ^- [2u 2 l 2 tu - 2s 2 (l ts + l us f + 

[2t 2 / 2 u - 2s 2 (l ts + l us ) 2 + Ausl ut ] - 

r 3 1 2 

+ h) hs + 2^*s ~ — ^ ^ 2 



3 

2 + 



Z s + 2Z e ) (Z ts + Z us ) 



+ 



.3 r 3 1 

77 —{h + h) La + -lus - TjLs ~ 2 + Cl 



(28) 

We see the cancelation of terms containing the quantity /a + h- That is the result of well 
known Bloch-Nordsieck theorem of infrared divergencies cancelation 19]. Similar cancela- 
tion takes place for corrections to two remaining chiral amplitudes. As a final result we have 
for all contributions except vacuum polarization: 

A(|M ++++ | 2 + \M~ 



1 2 ) = 32vra 3 (l s - 1) Q + 2l)j + 2l e (l ts + l v 

8s 4 [3 Is 
+ — - + K soft - — \2u 2 l 2 u - 2s 2 (l ts + l us ) 



+ 



t 2 u 2 
s 

8s 3 [3 1 2 
"t% 2 /ts ~2 /fe_2 + C2 



[2t 2 4 - 2s 2 (Z is + l us f + 

To i He 



^ [2m 2 / 2 u - 2s 2 (Zt. + l us f + 

1 4ws/ ut ] - 



Atsku] 



(29) 



and 



A(|M+-+-| 2 + \M~ + ~ + \ 2 ) = 327ra 3 



8u z 

IF 



+ 



I 2 



(Is - !) U + + 24 (Its + U + 

1 3 

■ 7:lt» + -ks + K soH + 



1 

1 



Aul, 



(2- 7j~ T^ts + 2^ ts + "^ so/ * 
8u 2 

12(u - s)( 2 —tusks + 2(a - u)Z; 



(30) 



At least 



A(|M 4 



+ |M 



VA(\M' 



— +-|2 



+ |M" 



-+~+|2> 



(31) 
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V. RENORMALIZATION GROUP STRUCTURE OF THE RESULT 



Let us note at the moment that the corrections to chiral amplitudes squared (I29p and 
(130]) contain the term 

P= ^ (I. - 1) Q + 2/ e ) , (32) 

and the rest parts of them do not contain " collinear large logarithm" This term is related 
with 5-part Pg (x) of the kernel P^ (x) of evolution equation 
square braces) 



20 



21] (i.e. second term in 



P (1) (x) 
that is 



(x) + P 



(i) 



x) 



P 



lim 



a 



e(l-x-e)\^ + 5(l-x) f~ + 21ne 
1 — x \ 2 



2tt 



(1.-1) J PjP (x)dx. 



(33) 



(34) 



This fact allows us to generalize the result obtained first to include the emission of hard 
photons emitted in the directions of the initial and the scattered electrons and second to 
take into account the contributions of higher orders of perturbation theory in leading and 
next to leading approximation: 



M A | 2 (xi,x 2 ) = / dy 1 D(y 1 ,l B ) I dy 2 D(y 2 ,l 



11 -1L 



-\M^\ 2 ( yi ,y 2 ; Zl ,z 2 )x 



o 



o 



Zl \Zl J z 2 \z 2 



where are different for different chiral states (A) and have a form: 



k; 



K+— 



u (~ 5\ t (~ 5 
lV st ~3 + sV su ~3 



t t Zi u u z 2 



1 ~ 1 

s sx 2 



-ht + 3 
5 



ht. = 1st + In ( — 

Zl 



hu hu In ( I - 

Z 2 



n. 



g— + hi(xix 2 ) - - 



s x 2 



(35) 



(36) 



The Structure functions D (x, l s ) in ( 1351) o 
and can be put in form of the series [20 



Dey the QED renormalization (evolution) equations 



2l| 



D(x,l) = 6(l-x) + £(l- 1) PU(X) +^(^(l- 1)) Z P {2) (x) + ■ 
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where first order kernel P^\x) is presented in (1331) and the higher order kernels P^ n '(x) 
n > 2 can be obtained by the following recursive relation: 



i 



pin) {x) = J ^_p(l) {y) pn-l fA (37) 

x 

The i^-factor in (1351) represents thus the non-leading terms of correction and usually of order 
of unity. It can be obtained if one put p = in the above chiral amplitudes ( 129|) and (130]) 
(except vacuum polarization) and extract the general Born amplitude squared. The quantity 
(xi, x 2 ; z\, z 2 ) represents the Born amplitude square in shifted kinematics, where x±, 
%2i z ii z 2 are the energy fractions of initial and final particles. The energy fractions z±, z 2 
can be found using the conservation laws: 

xi + x 2 = z 1 + z 2 , x 1 — x 2 = z\C x + z 2 C 2 , = ZxSi + ^25*2, (38) 

where C\,i = cos 6i >2 , Si >2 = sin^i^, 6i t2 = pi, p' x 2 , which gives: 

= 2x lX2 = x\ (1 - d) + + gi) 

Zl x l (\-c 1 ) + x 2 (i + c l y Z2 x l (i-c 1 ) + x 2 (i + c l y [ } 

VI. CONCLUSION 

In this paper the compact expressions for chiral amplitudes of M0ller scattering free 
from infrared divergences are calculated on Born and one-loop QED level. The separate 
chiral amplitudes contribution to the cross section is in agreement with renormalization 
group predictions. When inferring this formulae we systematically omitted terms of order 
O (Aa/ft) 2 m 2 /s). The explicit form of X-factors provides the accuracy of this results to 
leading and next-to-leading logarithm approximation. This results into accuracy up to one 
permille. 

In conclusion we note that the unpolarized case was considered in leading and next-to- 
leading approximation in 22J, where the cross section of M0ller scattering with additional 



hard photon emission is presented as well. 
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Appendix A: Table of integrals 

In this Appendix we present the set of vector and scalar loop momentum integrals which 
we used in formulae fl26|) and below it. 

Vector integrals are expressed in terms of scalar ones: 

/ H (0) (1H2) (9) ^ a (P1 - + « = * "Pi. < A1 > 

a=l(A + B), b= -±- ( A(t-u)- 3 B), 

A = Iq12 — I()2q> B = A — tl i 2q . 

Q ( h2q - 2— J + A^ — , A= Pl -p 2 , 



m 2 (1) (2) (q) * V 8 J s 

Z7T 2 (0) (1) (2) 8 ' 

d 4 k k» u f T l t \ 1 u 

l^WJ)¥) =Pl { Imt ~ 2 V + t l ' q ' 

d 4 k k» u f r !A 1, „ 

^ (0)(l)(20(g) =a(Pl+P2) 
a = i (A' + £') , = __L (A' (f - a) - u^) 

A = I\2'q — Io2'q, B' = A' — tIoi2'q- 



Z7T 2 (0) (1) (2') u 

d A k k» ,J J L\ 1 „ 

The scalar integrals which encounter in expressions above have a form: 



Re/„ 12 , - Re / ±±^±^- _ If. ((, + l x ) 



Re/ M2 = Re/ 12 , = Re/ ^^^y = £ « "86 + 2 Wi ) , 

/ci 4 fc 1 1 
— 2 (())(!) (g) = 2* + ^ 
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/d A k 1 2 

^(0)(1) (20(g) =^ lu(h + lxh 

/cfc^ k 1 1 
„ , w w : = — ill - 8C2 + 2 Z U Z A ) • 
in 2 (0) (1) (2') 2u Ku S ; 



